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Abstract. In this short paper we introduce a new triangulated category for 
rational surface singularities which in the non-Gorenstein case acts as a sub- 
stitute for the stable category of matrix factorizations. The category is formed 
as a Frobenius quotient of the category of special CM modules, and we classify 
the relatively projective-injective objects and thus describe the AR quiver of 
the quotient. Connections to the corresponding reconstruction algebras are 
also discussed. 



1. Introduction 

The theory of almost spht sequences first entered the world of quotient sin- 
gularities through the work of Auslander |Aus86j . Rather than interpreting the 
McKay correspondence for finite subgroups of SL(2,C) in terms of representations 
of G, he instead viewed the representations as CM modules and showed that the AR 
quiver coincides with the McKay quiver, thus linking with the geometry through 
the dual graph of the minimal resolution. 

There is a benefit to this viewpoint, since considering representations as mod- 
ules we may sum them together (without multiplicity) and consider their endomor- 
phism ring; this is Morita equivalent to the skew group ring C[a;,y]#G'. Through 
projectivization ( [Aus71j . [ARS97 ) the theory of almost split sequences can be used 
to gain homological insight into the structure of the endomorphism ring, and fur- 
thermore it can be used to recover the relations on the McKay quiver which yields 
a presentation of the algebra |RV89| . 

Recently |Wem08j it was realized that for quotients by groups not inside 
SL(2, C) the skew group ring is far too large, and instead we should sum less 
CM modules together and consider this endomorphism ring instead. The modules 
that we sum are the special CM modules, and the resulting endomorphism ring 
is called a reconstruction algebra. These algebras are in fact defined for all ratio- 
nal surface singularities (not just quotients), are always derived equivalent to the 
minimal resolution and have global dimension 2 or 3. However the main difference 
between this new situation and the classical case is that the reconstruction algebra 
is very non-symmetrical and so for example writing down the relations is a much 
more delicate and difficult task. 

We are thus motivated to study SCM(i?) (or dually nCM{R)), the category of 
special CM modules (respectively first syzygies of CM modules) , from the viewpoint 
of relative AR theory |AS81| to try and gain an insight into this problem. This 
short paper is dedicated to its study, and other related issues. 
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In this paper we show that SCM(i?) admits a Frobenius structure and prove 
that the indecomposable relatively projective objects in SCM(i?) are precisely R 
together with those special CM modules which correspond to non-(— 2) curves in the 
dual graph of the minimal resolution. Geometrically this means that the quotient 
SCM(i?) only 'sees' the crepant divisors. Note that it is certainly possible that all 
special CM modules are relatively projective, in which case the quotient category is 
zero. However there is still enough information to prove some results, for example 
that at all vertices in a reconstruction algebra corresponding to a (—2) curve in the 
minimal resolution, there is only one relation which is a cycle at that vertex and 
further it is (locally) a preprojective relation. 

We remark that our triangulated category is a more manageable version of the 
rather large triangulated category of singularities Dsg(R) ~ £'''(mod ''(proj R) 
which is well known in the Gorcnstein case to coincide with CM (R) |Buc87| . Note 
that our category is definitely not equivalent to S)sg(-R) since the category Dsg{R) 
is always non-zero if R is singular, but SCM(i?) is zero if there are no crepant 
divisors in the minimal resolution. Furthermore our category SCM(i?) is always 
KruU-Schmidt, a property not enjoyed by Dsg{R) in the case when R is not Gorcn- 
stein. It would be interesting to see if there are indeed any connections between 
the two categories. 



2. Syzygies and Chern classes 

Throughout this paper we let i? be a complete local normal domain of dimen- 
sion two over an algebraically closed field of characteristic zero which furthermore 
is a rational singularity. We denote the minimal resolution hy t: : X ~> Speci? 
and the exceptional curves by {Ei}i^j. For any CM module M of i? denote by 
M := 7r*M/torsion the corresponding full sheaf on X and also denote by T(Af) 
the torsion submodule of M, i.e. the kernel of the natural map M M**. Recall 
the following. 

Theorem 2.1. For M 6 CM(i?), the following conditions are equivalent. 

(1) Ext^(X,^) = 0, 

(2) {M ®iiu;)/T{M (E)RLj) eCM{R), 

(3) Ext|;(TrM,u;) = 0, 

(4) miM G CM(i?), 

(5) Extfl(M, R) = 0, 

(6) M* e nCM{R), 

(7) flM ^ M* up to free summands. 

We call such a module M a special CM module. 

Proof. (1) ■<F=> (2) is due to Wunram |Wun88j . the remainder can be foimd in 
(TWUSl 2.7, 3.5]. □ 

For the remainder of this paper we denote the non-free indecomposable special 
CM modules by {Mijig/, where Mi corresponds to the curve Ei. The corresponding 
special full sheaves will be denoted by {Mi}i^i. For any CM i?-module Af, we 
denote the chern class of the corresponding full sheaf by ci(M). 
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We denote by CM{R) the category of CM i?-modules, by SCM(i?) the category 
of special CM i?-niodules, and by ^ICM{R) the category of first syzygies of CM R- 
modules. By Theorem 12.11 above, we have a duality 

(-)* : SCM(i?) ^ nCM{R). 

Note that SCM(i?) (and dually OCM(i?)) have finite type since the indecomposable 
special CM modules are in one-to-one correspondence with the exceptional curves 
in the minimal resolution of Speci?. Moreover CM(i?) has finite type if and only if 
i? is a quotient singularity [Aus86| , so by passing to the specials we can use finite- 
type algebra even in the case when there are infinitely many CM modules. Also, 
we remark that Gorenstein rational surfaces (i.e. ADE surface singularities) are 
very rare, and passing to this more general setting vastly increases the number of 
examples at our disposal. 

Now when R is Gorenstein every CM module is special and so the categories 
nCM{R) and SCM(i?) coincide; they both equal CM(i?). It is therefore natural to 
ask about the intersection of the categories ilCM{R) and SCM(i?) when R is not 
Gorenstein. 

Proposition 2.2. If R is not Gorenstein, then 

(1) If X e CM R such that Ext^(X,i?) = for i = 1,2 then X is free. 

(2) SCM(i?) n nCM(i?) = addi?. 

Proof. (1) Since Ext^{X,R) = 0, by Theorem O we know that X is special and 
so nX ^ X*. Further = Ext^(X, R) = Ext]^{nX, R) = Ext^(X*, i?) and so X* 
is also special. Now applying Theorem 12. If 7) to both X and X* there exist short 
exact sequences 

(2.1) O^X*^P^X->0 

(2.2) O^X^Q^X*^0 

with P,Q e addi?. We want to prove that Ext*jf{X,R) = Ext^(X*,i?) = for all 
t > 1 so since we know this holds for i = 1, inductively suppose that it holds for 
t~l. Then by (PTTj) wc know 

Ext^(X, R) = Ext^-\X*, i?) = 

and by (|2.2p we know 

Extfl(X*, i?) = Ext^j{\X, R) = 0. 

Thus by induction it follows that Ext^(X ® X*,R) = for all t > 1 and hence 
by definition X is a totally reflexive module (see jTak04[ ICPST08| ). But since R 
has only finitely many special CM modules it has in particular only finitely many 
totally refiexive modules. If X is non-free then by |Tak04| (see also |CPST08[ 4.3]) 
it follows that R is Gorenstein. Hence X must be free. 

(2) It follows from (1) that if X and X* are special, then X* is free. □ 

Remark 2.3. An easy conclusion of Proposition 12.21 and Theorem 12. If ?) is that 
if M is a non-free special CM module, then fi^M (= f2M*) is never isomorphic to 
M. This is in contrast to the Gorenstein case in which i7^M is always isomorphic 
to M }Eis80| . 

We already know that the dual of the first syzygy of any CM module is spe- 
cial; the following result gives us precise information about the decomposition into 
irreducibles. 
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Theorem 2.4. Let M he a CM R- module. Then VlM = 0^g^(r2AfO®'='^*^^ -^' ■ 

Proof. Since M is CM, by Artin-Vcrdicr |AV85|, 1.2] wc have the foUowing exact 
sequence 

^ ^®'' ^0 

where r is the rank of M and D represents the chern class of A^, i.e. Ci{M) ■ Ei = 
D ■ Ei for a exceptional curves Ei. Now the minimal number of generators of 
H^{^d) is Zf-D and so choosing such a set of generators yields an exact sequence 

^ JT ^ ff®^rD ff^^Q 

Exactly as in the proof of |Wun88( 1.2(a)] (Wunram considered the case when 
M is indecomposable, but his proof works in this more general setting) -J^* is a 
full sheaf of rank Zf ■ D satisfying H^{J^) = 0. Thus there exists some special CM 
module N such that ^* = TV, with ci{N) ■ E, ^ D ■ E, ^ ci{M) ■ E, for aU i. 

Now Af decomposes into a sum of indecomposable special bundles, and the 
chern class forces A/" = © (0,^^ X,®^^*^) for some s e N. The fact that 
s = follows by running the argument in [Wun88[ 1.2(a)], or alternatively by using 
|VdB041 3.5.3]. Hence we have a short exact sequence 

^ 0(x*)ffi-i(M)-iJ. ff<sZrD ^ ^ 
iei 

from which taking the appropriate puUback gives us a diagram 



> e®-" > s > ff®ZfD ^ 

> G®"" > M > ffo > 





But the singularity is rational and so the middle horizontal sequence splits, giving 
S = 0®-r+ZyD^ gjj^(,g ^i(0.^^(_^*)eci(A/).£;,-) ^ we may push down the 

middle vertical sequence to obtain the short exact sequence 

Since by Theorem O f^A^j = ^/*, the result follows. □ 

Remark 2.5. The above theorem gives us a global combinatorial method for com- 
puting chern classes of full sheaves in the cases of quotient singularities that doesn't 
resort to calculating with local co-ordinates on the minimal resolution, since the 
syzygy of any CM module can be easily calculated by using a counting argument 
on the AR(=McKay) quiver. For details see |IW08[ 4.9, 4.10]. 
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Remark 2.6. Since the above first syzygy contains no free summands it follows 
that any CM module M is minimally generated by rkA/ + Zf ■ ci(Af) elements. 
This gives a new proof of [Wun88[ 2.1]. 

The following observation will be used in the next section. 

Corollary 2.7. (1) We have Vtuo ^^^j{VLMi)®-'^^^-'^ . 

(2) // R is not Gorenstein and lo is a special CM R-module, then the exceptional 
curve corresponding to uj is a {—Vj-curve and all other exceptional curves are (— 2)- 
curves. 

Proof. (1) By Theorem flw = 0^g^(f7Mj)®^' -^3f . Further the adjunction for- 
mula states that —2 = {K^ + Ei) ■ Ei and so ■ Ei — —Ef — 2. 
(2) Immediate from (1). □ 

3. A Frobenius Structure on SCM(i?) 

In this section we endow the category SCM(i?) with a Frobenius structure and 
thus produce a triangulated category SCM(_R). We say that an extension closed 
subcategory B of an abelian category A is an exact category. (This is slightly 
stronger than the formal definition by Quillen |Qui73| . See also jKel901 Appendix 
A].) For example CM(i?) is an exact category. 

We start with the following easy observation. 

Lemma 3.1. (1) SCM(i?) is an extension closed subcategory ofCyi{R). 
(2) SCM(i?) forms an exact category. 

Proof. (1) is an immediate consequence of Theorem l2.1f 5). and (2) is a consequence 
of(l). □ 

Let us recall the definition of Frobenius categories introduced by Happel |IIap88| . 
We say that an object X d B is relatively projective (respectively, relatively injec- 
tive) if 

Exti^(X, B) = Q (respectively, Exti^(6, X) = 0). 

We say that C has enough relatively projective objects (respectively, injective) if for 
any X ^ B, there exists an exact sequence 

O^Z^y^AT^O (respectively, O^X->Y^Z^O) 

in A such that Y G B is relatively projective (respectively, injective) and Z G 
B. We say that B is Frobenius if it has enough relatively projective and enough 
relatively injective objects, and further the relatively projective and the relatively 
injective objects coincide. When ;B is a Frobenius category with the subcategory 
V of relatively projective objects, the factor subcategory 

g:=B/[V] 

is called the stable category of B. The reason why we use the notation B_ is to distin- 
guish the stable category SCM(i?) (which we will study) from the full subcategory 
SCM (R) of CM(R). 

Our main result in this section is the following. 

Theorem 3.2. (1) SCM(i?) is a Frobenius category. 

(2) The stable category SCM(i?) is a triangulated category. 
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Let us recall the definition of functorially finite subcategories introduced by 
Auslander-Smal0 |AS81| . Let B be an additive category and C a full subcategory 
of B. We say that a subcategory C of an additive category B is contravariantly 
finite (respectively, covariantly finite) if for any X ^ B, there exists a morphism 
f -.Y ^ X (respectively, f : X Y) with Y eC such that 

Homg(C,y) ^ Homg(C,X) (respectively, Homg (F, C) ^ Home(X,C) 

is surjective. We say that C is a functorially finite subcategory of B if it is both 
contravariantly and covariantly finite. 

We need the following rather general observation. 

Proposition 3.3. Let B be a Krull- Schmidt exact category with enough relatively 
injective ( respectively, projective ) objects, and C a contravariantly ( respectively, co- 
variantly) finite extension closed subcategory of B. Then C is an exact category 
with enough relatively injective (respectively, projective) objects. 

Proof. We prove the statement regarding relatively injective objects; the proof for 
relatively projective objects is similar. It is clear that C is also an exact cat- 
egory. Let X be in C and take an exact sequence O^X^I—^X'-^Q 
with I relatively injective in B. Then we have an exact sequence of functors 
HomB(-,X') -> Ext\{-,X) 0. Since C is KruU-Schmidt and contravariantly 
finite in B, we can take a projective cover cj) : llomc{—,Y) Ext^(— — > 
of C-modules (for the definition of C-modules see for example }Yos90j ). This is 
induced by an exact sequence O^X—>Z—>Y~>0 with terms in C. 

We will show that Z is relatively injective. Take any exact sequence — > Z — s- 
Z' Z" ^ with terms in C. We will show that this splits. Consider the following 
exact commutative diagram: 



1 i 

> X > Z > Y > 

II i > 
(3.1) >X >Z' >Y' ^0 

i i 
Z" = Z" 

I I 



Then Y' E C, and we have the commutative diagram 

^ Rome (-,X)^ Rome {-,Z)^ Rome {-,Y)^Ext\{-,X)\c^O 
(3-2) II i i- II 

Rome (-, X) ^ Home (-, Z') ^ Home (-,Y') -> Ext\ (-, X)\c 

of exact sequences of C-modules. Since (/> is a projective cover, we have that (-a) is 
a split monomorphism. Thus a is a split monomorphism. We see that the sequence 
Ext^(Z", Z) — > Ext^(Z", y) is exact by evaluating the upper sequence in p.2p 
at Z" . Under this map the middle vertical exact sequence in (|3.ip gets sent to the 
right vertical exact sequence in (jS.ip . so since this splits it follows that the middle 
vertical sequence in p.ip splits. Hence Z is relatively injective, and consequently 
C has enough relatively injective objects. □ 
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In particular, since CM(i?) has enough relatively projective and injective ob- 
jects and further SCM(i?) is a functorially finite subcategory of CM(i?), we conclude 
that SCM(i?) has enough relatively projective and injective objects. 

We need the following observation: 

Lemma 3.4. For any X,Y e SCM(i?) we have Ext]^(X,Y) = Extl,{Y,X). 

Proof. Since X is special we have an exact sequence X* P ^ X ^ Q with 
P E addi?. Applying Hom/j(— ,y) and Hom/j(y*,— ) respectively and using the 
fact that Ext^(F, P) = since Y is special we obtain a commutative diagram 

Hom«(P, Y) > Homfl(X*, y) Ext]i{X, Y) 

i i 
llomR{Y*,P*)^}iomR{Y*,X) 

in which the vertical maps are isomorphisms. But it is easy to see that the coker- 
nel of the bottom map is simply Hom j.(y*, X) and so we obtain an isomorphism 
Extfl(X, y) = Hom jj.(y*. X). By repeating this argument with the role of X and 
Y swapped wc obtain 

Ext]^{X,Y) =Homj^(y*,X) = Hom^(X,y*) =Ext^(r,X). 

□ 

Thus in SCM(i?) the relatively projective objects and the relatively injective 
objects coincide and so consequently SCM(i?) is a Frobenius category and thus 
SCM (_R) is triangulated |Hap88| . This completes the proof of Theorem 13.21 □ 

The next result gives a precise description of the relatively projective objects: 

Theorem 3.5. Let i G I . Then Mi is relatively projective in SCM(i?) if and only 
if Ei is not a {—2)-curve. 

We divide the proof into two lemmas. 

Lemma 3.6. If Ei is a (—2) -curve, then Mi is not relatively projective and further 
Ext]i{Mi,Mi)^0. 

Proof We show that F,xt]^{M, , M,) ^ 0. Denote M R (B Mj and let 

A := Endfl(M). For all j G I denote Sj to be the top of Hom_R(M, Mj) and 5^ to 
be the top of Homi^(M, R). Then by inspecting the proof of |Wem08[ 3.3] we see 
that F.xt\{S^, Sj) = for aU j (E I and further Ext^(S'i, S^) = -Ef - 2. Thus since 
Mi corresponds to a (—2) curve, Ext^(S'i, — ) = against all simple A modules and 
so pd^ Si — 2. Consider a minimal projective resolution of ^-modules 

Homi^(M, T) ^ RomniM, Y) Homfl(M, M,) -> S^ 0. 

We know that it comes from a non-split exact sequence 

O^T^Y^Mi~^0 

with T,Y e SCM(i?). Now by [WemOSl 3.3] we know that Ext^(S'i, S^) = {{Zk - 
Zf) ■ Ei). = (since Zk ■ E, = and so {Zk - Zf) ■ Ei > 0), Ext^(S'i, Sj) = if 
i 7^ j and further Ext^(5'i, Si) = —Ef — 1 = 1 since Mi corresponds to a (— 2)-curve. 
Hence Homfl(A/,T) = Homfl(Af, M^) and so T = M„ forcing Ext^(Mi,Mi) ^ 
0. □ 
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Lemma 3.7. If Ei is not a {—2)-curve, then Mi is relatively projective in SCM(i?) 
and Ext^(M,,Mj) = 0. 

Proof. Firstly note that for all X,Y e CM{R), if Ext^XX, F) = then necessarily 
Ext^(r~^51~^F, X) = 0. To sec this, just take the short exact sequence ^ Y ^ 
I —> il~^Y with / G addoj and apply Homij(X, — ) to get 

^ Hom/?(X,y) ^ Honii^(X,/) ^ Romn{X,n-^Y) ^ Ext]^{X,Y) = 0. 

Consequently every map from X to fl^^Y factors through an injectivc object and 
hence by AR duality = DBmRii{X,n-^Y) = Ext]^{T-^n-^Y, X). 

Now if X G SCM(i?) then Ext^(X, i?) = and so applying the above with Y = 
R we get Ext]^{T-^n-^R,X) = 0. But T'^n~^R = RomR{n-'^ R, u)* = (noj)* 
and so this shows that Ext^((ila;)*, -) = on SCM(i?), hence {Q,uj)* is relatively 
projective. But now by Corollary [2771 we know that {floj)* has as summands all the 
indecomposable special CM modules corresponding to non-(— 2) curves and thus all 
of them are relatively projective. □ 

This completes the proof of Theorem 13.51 □ 

We now show the following existence theorem of almost split sequences in 
SCM(i?). The theory of almost split sequences in subcategories was first developed 
by Auslandcr and Smal0 [AS81| for finite dimensional algebras; here our algebras 
are not finite dimensional, but the proofs are rather similar: 

Proposition 3.8. Let i G /. Then Mi is not relatively projective if and only if 
there exists an exact sequence 



are exact on SCM(i?). 

Proof. Suppose Mi not relatively projective. We firstly show that there exists an 
almost split sequence ^ Z ^ Y ^ Mi — » in SCM(i?). Since there are only 
finitely many indecomposable objects in SCM(i?), certainly there exists an exact 
sequence 

0^ Z ^Y ^ M,->Q 

with Y G SCM(i?) and / a minimal right almost split map in SCM(i?). We claim 
that Z G SCM(i?) and further g is a minimal left almost split map. 

Since Mi is not relatively projective, there exists an exact sequence 

^ Z' ^Y' ^ M, ^ 

with Z' G SCM(i?). Since / is right almost split we have a commutative diagram 

> Z' > Y' > M, > 



^ M, ^ y ^ M, ^ 



such that the sequences 



^ HomH(-, Mi) ^ Homfl(-, Y) ^ JcM(fl)(-, Mi) ^ 0, 
^ Homfl(M„ -) A Y^ouisiY, -) ^ JcM(K){M^, -) ^ 0. 








/ 



M, 
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and so taking the mapping cone gives the short exact sequence 

Z' Z®Y' -^Y ->0. 

Since SCM(i?) is closed under extensions we conclude that Z G SCM(i?). The fact 
g is a minimal left almost split map is now routine (see e.g. |Yos90[ 2.14]). 

To finish the proof we must show that Z = Mi. But as in the proof of 
Lemma 13.61 the above gives a minimal projective resolution 

^ Homi^(A/, Z) Hom/?(M, Y) Homi^(A/, A/,) ^ 5, ^ 

of the simple A-module Si. By |Wem081 3.3] we know that Ext^(S'i, S) ~ for any 
simple A- module S ^ Si. This implies Z Mi and so we are done. □ 

The following property of 'Auslander algebras' of triangulated categories is 
useful. 

Proposition 3.9. Let T be a Horn-finite k-linear triangulated category T with an 
additive generator M . Then B := End7-(M) is a self-injective k-algebra. 

Proof. For any X G mod B, we can take a projective resolution 

Homr (M, Mi) A Homr (Af , Mq) X ^ 0. 

Take a triangle A/2 A/i ^ A/q Ajf2[l], then we continue a projective resolution 

Homr (A/, ^2) ^ Homr (Af, Mi) ^ Homr (A/, A/o) X ^ 0. 
Applying HomB( — ,_B) gives the commutative diagram 

Homi3(Homr (M, Mo),B) HomB(Homr (M, Mi),B) Homs(Homr (M, A//2), S) 

Homr (Afo, Af) > Homr (Afi, Af ) > Homr (Afa, M) 

where all vertical maps are isomorphisms. Since the lower sequence is exact (by 
properties of triangles), so is the top. Hence F,xtg{X, B) ~ and so B is self- 
injective. □ 

We deduce the following results on our triangulated category SCM(i?) and the 
stable reconstruction algebra EndscM(i?) Mi). 

Corollary 3.10. (1) The AR quiver of the category SCM(i?) is a disjoint union 
of the double of Dynkin diagrams, corresponding to the subconfigurations of (— 2)- 
curves in the minimal resolution. 

(2) The algebra EndgcM(_R)(®ig/ -^i) a factor algebra of the reconstruction al- 
gebra Endi?(i? Mi) by the ideal generated by idempotents corresponding to 
R and the non-{— 2) -curves. 

(3) The algebra EndscM(_R) (®ig/ -^fi) self-injective, and the quiver is a disjoint 
union of the double of Dynkin diagrams. 

Proof. (1) A subtree of a rational tree is rational, thus the remaining (-2) configu- 
rations are all Dynkin diagrams. Alternatively, it is well-known that the AR quiver 
of a Hom-finite fc-linear triangulated category of finite type is a disjoint union of 
Dynkin diagrams |XZ05| . 
(2) This is clear. 
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(3) Immediate from Lemma 13.91 since ©jg/ Mi is an additive generator of the tri- 
angulated category SCM(i?) . □ 

The following arc examples which illustrate the above results. Note that the 
quiver of the reconstruction algebra follows easily from combinatorics on the dual 
graph, see [Wem08| for details. 

Example 3.11. 

Dual graph Reconstruction Algebra AR quiver of SCM (i?) 





Remark 3.12. Since the non (— 2)-curves (and R) die in the quotient, often the 
AR quiver of SCM(i?) has components. In fact although the number of components 
is always finite, the number of possible components is arbitrarily large, as can be 
seen by constructing the following well-known rational tree: for any graph F with 
vertices Ei^ add self- intersection numbers as 

^2 f ~2 if the number of neighbours of Ei is one 

* ' —(number of neighbours of Ei) else 

then this is the dual graph of some rational surface singularity. In particular 

-2 • -2 • -2 • 

• • • • • • • . • • • 

-2 -3 -2 -3 -2 -2 -3 -2 

(where in the region . . . we repeat the block on the right hand side) corresponds to 
some rational surface singularity. On taking the quotient there are many compo- 
nents; increasing the size of the dual graph increases the number of such compo- 
nents. 

Remark 3.13. Note that the above examples also illustrate that in many cases 
the category SCM(i?) is equivalent to CM(i?') for some Gorenstein ring R' . 

We end by using our results to characterize those rational surfaces for which 
the category CM(i?) contains an n-cluster tiliting object. Recall that M e CM(i?) 
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is called n-cluster tilting (or maximal (n — \)- orthogonal) for a positive integer n 
[r^^lKRTFfl if 

add M = {X e CM{R) : Ext'fl(M, X) = {0 < i < n)} 

= {X e GM{R) : Ext'fl(X, M) = (0 < i < n)}. 

In this case, we have Ext^(Af , A/) = for any < z < rt and R(B uj E add M. 

Theorem 3.14. (1) CM(i?) has a 1-cluster tilting object if and only if R is a quo- 
tient singularity. 

(2) CM(i?) has a 2-cluster tilting object if and only if R is regular or R = k[[x, y]]^^^'^) 
where is the cyclic group of order 3 inside GL(2,A:) acting as x i-^ ex, 
y sy, where s is a cube root of unity. 

(3) CM(i?) has an n-cluster tilting object for some n > 2 if and only if R is regular. 

Proof. If R is regular, then CM{R) = add R and so R is an n-cluster tilting object 
in CM(i?) for any > 1. Hence we only need to consider the case when R is not 
regular. 

(1) By the KruU- Schmidt property, CM(i?) has a 1-cluster tilting object if and 
only if CM(i?) has finite type. By |Aus86| this is equivalent to R being a quotient 
singularity. 

(2) Let M be a basic 2-cluster tilting object of CM{R). Since R e add A/ and 
Ext^(Af,Af) = 0, we have that M is special. Now since w is a summand of M, 
this implies that u; is special. Since Ext^(Af, A^) = 0, by Lemma [3.61 anv non-free 
indecomposable summand of M corresponds to a non-(— 2)-curve. In particular 
R is not Gorenstein so by Corollary 12.71 the exceptional curve corresponding to 
w is a (— 3)-curve and all other exceptional curves are (— 2)-curves. This implies 
M = _R © uj, so by Lemma [3771 wc have that M is relatively projective in SCM(i?). 
Since Ext^(Af, SCM(i?)) = 0, we have SCM(i?) = addAf. Thus the minimal 
resolution of Speci? consists only of one (— 3)-curve, so i? = fc[[a;, j/JJ^*^^'^-*. By 
inspection, in this case i? © w is a 2-cluster tilting object. 

(3) CM(i?) does not have an n-cluster tilting object for n > 2 by Proposition l2 . 2r 1 ) 
in the non-Gorenstein case, and by Lemma 13.61 in the Gorenstein case. □ 

References 

[AV85] M. Artin and J-L Verdier Reflexive modules over rational double points. Math. Ann. 
270 (1985) 79-82. 

[Aus71] M. Auslander, Representation dimension of Artin algebras. Lecture notes, Queen Mary 
College, London, 1971. 

[Aus86] M. Auslander Rational singularities and almost split sequences. Trans. Amer. Math. 

Soc. 293 (1986), no. 2, 511-531. 
[ARS97] M. Auslander, L Relten and S. O. Smal0, Representation theory of Artin algebras. 

Cambridge Studies in Advanced Mathematics, 36 (1997). xiv+425 pp. 
[AS81] M. Auslander and S. O. Smal0, Almost split sequences in subcategories, J. Algebra 69 

(1981), no. 2, 426-454. 

[Buc87] R.-O. Buchweitz, Maximal Cohen- Macaulay Modules and Tate- Cohomology over 
Gorenstein Rings, unpublished manuscipt (1987) 155pp. 

[CPST08] L. W. Christensen, G. Piepmeyer, J. Striuli and R. Takahashi, Finite Gorenstein rep- 
resentation type implies simple singularity, Adv. Math. 218 (2008), no. 4, 1012—1026. 

[Eis80] D. Eisenbud, Homological algebra on a complete intersection, with an application to 
group representations, Trans. Amer. Math. Soc. 260 (1980), no. 1, 35—64. 

[Hap88] D. Happel, Triangulated categories in the representation theory of finite- dimensional 
algebras. LMS Lecture Note Series, 119 (1988). x-|-208 pp. 



12 



OSAMU lYAMA AND MICHAEL WEMYSS 



[IW08] O. lyama and M. Wemyss, The classification of special Cohen Macaulay modules, 
larXiv:0809.T958l (2008) 

[Iya07] O. lyama, Higher- dimensional Auslander-Reiten theory on maximal orthogonal sub- 
categories, Adv. Math. 210 (2007), no. 1, 22-50. 

[Kcl90] B. Keller, Chain complexes and stable categories, Manuscripta Math. 67 (1990), no. 
4, 379-417. 

[KR07] B. Keller, I. Rciten, Cluster-tilted algebras are Gorenstein and stably Calabi-Yau, Adv. 

Math. 211 (2007), no. 1, 123-151. 
[Qui73] D. Quillen, Higher algebraic K-theory. I, Algebraic /("-theory, I: Higher if-theories 

(Proc. Conf., Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85-147. Lecture Notes 

in Math., Vol. 341, Springer, Berlin 1973. 
[RV89] I. Reiten and M. Van den Bergh Two-dimensional tame and maximal orders of finite 

representation type. Mem. Amer. Math. Soc. 80 (1989), no. 408, viii+72 pp. 
[Tak04] R. Takahashi, Modules of G-dimension zero over local rings of depth two, Illinois J. 

Math. 48 (2004), no. 3, 945-952. 
[VdB04] M. Van den Bergh Three-dimensional flops and noncommutative rings, Duke Math. J. 

122 (2004), no. 3, 423-455. 
[WcmOS] M. Wemyss, The GL{2) McKay correspondence, arXiv:0809.1973 (2008). 
[Wun88] J. Wunram, Reflexive modules on quotient surface singularities, Mathcmatischc An- 

nalen 279 (1988), no. 4, 583-598. 
[XZ05] J. Xiao and B. Zhu, Locally finite triangulated categories. J. Algebra 290 (2005), no. 

2, 473-490. 

[Yos90] Y. Yoshino, Cohen- Macaulay modules over Cohen- Macaulay rings, London Mathemat- 
ical Society Lecture Note Series, 146. Cambridge University Press, Cambridge, 1990. 



OsAMu Iyama, Graduate School of Mathematics, Nagoya University, Chikusa-ku, 
Nagoya, 464-8602, Japan 

E-mail address: iyajna{§math.nagoya-u. ac . jp 

Michael Wemyss, Graduate School of Mathematics, Nagoya University, Chikusa- 
ku, Nagoya, 464-8602, .Iapan 

E-mail address: wemyss.magoogl6mail.com 



